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ABSTRACT
A significant fraction of white dwarfs are observed to be polluted with metals despite
high surface gravities and short settling times. The current theoretical model for this
pollution is accretion of rocky bodies, which are delivered to the white dwarf through
perturbations by orbiting planets. Using N–body simulations, we examine the possi-
bility of a single planet as the source of pollution. We determine the stability of test
particles on circular orbits in systems with a single planet located at 4 au for a range
of masses and eccentricities, comparing the fractions that are ejected and accreted by
the star. In particular, we compare the instabilities that develop before and after the
star loses mass to form a white dwarf, a process which causes the semi-major axes of
orbiting bodies to expand adiabatically. We determine that a planet must be eccentric
(e > 0.02) to deliver significant (> 0.5 per cent) amounts of material to the central
body, and that the amount increases with the planetary eccentricity. This result is
robust with respect to the initial eccentricities of the scattered particles in the case
of planetary eccentricity above ∼ 0.4 and the case of randomly-distributed particle
longitude of pericentre. We also find that the efficiency of the pollution is enhanced
as planetary mass is reduced. We demonstrate that a 0.03 MJup planet with substan-
tial eccentricity (e > 0.4) can account for the observed levels of pollution for initial
disc masses of order 1 M⊕. Such discs are well within the range estimated for initial
planetesimals discs and well below that estimated for our own solar system within the
context of the Nice model. However, their long term survival to the white dwarf stage
is uncertain as estimates for the collisional evolution of planetesimal discs suggest they
should be ground down below the required levels on Gyr timescales. Thus, planetary
scattering by eccentric, sub-Jovian planets can explain the observed levels of pollution
in white dwarfs, but only if current estimates of the collisional erosion of planetesimal
discs are in error.
Key words: white dwarfs – planet-star interactions – planet-disc interactions –
planets and satellites: dynamical evolution and stability
1 INTRODUCTION
Studies of hydrogen-dominated (DA) and helium-dominated
(DB) white-dwarf (WD) spectra have found that roughly
25 per cent of all WDs show weak metal lines, despite
the theoretical prediction that metals should gravitation-
ally settle below the photosphere (Zuckerman et al. 2003;
Koester 2009; Zuckerman et al. 2010). Given settling time-
scales as small as days for the more-common DAs and un-
der 105 years for DBs, the rapid rate at which gravita-
tional settling occurs in these dense objects indicates the
pollution must have occurred recently compared to their
cooling ages and is likely ongoing (Paquette et al. 1986;
⋆ E-mail: sfrewen@astro.ucla.edu
Koester & Wilken 2006; Koester 2009). Furthermore, in-
frared excesses have been detected in a number of these
WD systems (Zuckerman & Becklin 1987; von Hippel et al.
2007; Farihi et al. 2009; Xu & Jura 2012). The cause of these
excesses appears to be debris discs near the WDs, which are
delivering the polluting material (Chary et al. 1999; Jura
2003; Kilic et al. 2006). These detections support the the-
ory that the observed pollution is due to accreted orbiting
bodies, which are perturbed towards and tidally disrupted
by the central WD (Jura 2006). The primary alternative, ac-
cretion of interstellar material, has been proven inconsistent
with elemental abundances determined from WD spectra
(Jura 2006; Klein et al. 2010; Farihi et al. 2010a; Klein et al.
2011) as well as spectra of the debris discs (Reach et al.
2005; Jura et al. 2009). Estimates for total mass accreted
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by polluted WDs are on the order of 6 × 1023 g, which is
similar to the mass of minor bodies in the solar system such
as Ceres (Zuckerman et al. 2010).
While the source of the pollution has become more clear
in recent years, the mechanism for delivering such material
to the star is still uncertain. Early work investigated the pos-
sibility that planetary systems close to instability during the
main sequence (MS) can be destabilized by stellar mass loss
during post-MS evolution (Debes & Sigurdsson 2002). Upon
scattering, the planets could settle into a new, dynamically-
young configuration that would allow them to perturb other
orbiting bodies, such as asteroids or comets, that were pre-
viously stable. However, the high frequency of polluted WDs
means this mechanism would require a large fraction of WD
progenitors to have planetary systems on the edge of stabil-
ity.
More recently, Bonsor et al. (2011) simulated planets
on circular orbits interacting with a Kuiper-Belt analog over
the course of stellar evolution. To determine the ability of
the planet to pollute its host WD, the authors looked at the
fraction of bodies scattered into the inner solar system, inte-
rior to the orbit of the planet. They did not simulate impacts
with the WD; instead, they assumed additional planets in
this region, which could further scatter bodies. The authors
found that a planet near 30 au and a Kuiper Belt analog
extending to 46.7 au could match the observed frequency of
polluted WDs as well as the distribution of accretion rates
as a function of cooling age. This result requires an inner
planetary system to cause secondary scatterings, which de-
livers the material the full distance to the WD; a lone planet
at 30 au was unable to scatter particles on to stellar-collision
orbits. Bonsor et al. (2011) also found that the mass of the
simulated planet had only a weak effect on the amount of
material delivered to the inner system. While massive plan-
ets removed more bodies from the original belt, higher frac-
tions were ejected relative to less-massive planets.
Another recent work, Debes et al. (2012), focused on
rocky bodies interior to a planet as source of pollution. The
authors examined the ability of a single planet to deliver
material originating in the inner 2:1 Mean Motion Reso-
nance (MMR) to a WD, through the increase in resonance
width with stellar evolution. Using Jupiter and the asteroids
located near the 2:1 MMR as a test case, they found that
a single planet is capable of delivering enough material to
the star provided the interior debris belt is large enough.
Assuming a similar size distribution to the solar system as-
teroid belt, the authors determined that the total mass of
the debris belt would need to be between 4 times and 6×105
times larger to account for WD observations. While massive
debris discs have been observed, they often exist at greater
distances from their host star (Wyatt 2008) and their in-
cidence appears to drop off rapidly with age (Rieke et al.
2005).
In a paper related to Debes & Sigurdsson (2002),
Veras et al. (2013) examined the stability of two-planet sys-
tems over the entirety of stellar evolution, including MS,
post-MS (including mass loss), and WD. The authors per-
formed N-body integrations of the system for stellar masses
3–8 M⊙, with equal planetary masses of both MJup and M⊕.
They found that planetary interactions leading to ejection
or accretion by the star primarily occurred after ∼ 107 years,
supporting the possibility of planetary instability as a source
of WD pollution. However, in addition to selecting large stel-
lar masses dissimilar to the progenitors of observed polluted
WDs (1–2.5 M⊙), the authors did not investigate the effect
of the unstable planets on planetesimals remaining in the
system, which limits the applicability of their results to WD
pollution.
In this work we use N-body simulations of a single
planet and massless test particles (TPs) to systematically
examine the degree to which planetary properties affect WD
pollution. In particular, we investigate the influence of plan-
etary mass and eccentricity, which have largely been ne-
glected in this context until now. Radial velocity surveys
have shown that exoplanets orbiting beyond 0.1 au have a
wide range of eccentricities (Butler et al. 2006), and a cur-
sory examination of the current Exoplanet Orbit Database
shows that over over 50 per cent of such planets have ec-
centricities larger than 0.2 (Wright et al. 2011). Therefore,
testing a range of eccentricities for the perturbing planet
gives us greater generality than before as well as insight
into the overlooked parameter space of eccentric planets.
Additionally, high-resolution spectroscopy has shown that
the accreted material is more consistent with the compo-
sition of solar-system asteroids or the rocky planets than
comets (Zuckerman et al. 2007; Klein et al. 2010). As a re-
sult, we investigate the region near to the star interior and
exterior to planetary orbit, as opposed to the distant planet
and outer belt of material used in Bonsor et al. (2011). Fur-
thermore, we simulate the entire region near the planet un-
like the very detailed, single-MMR approach of Debes et al.
(2012). These simulations allow us to better understand the
ability of a single planet to account for observed WD pollu-
tion rates, particularly as a function of planetary mass and
eccentricity.
The layout of the paper is as follows: In Section 2 we
review important features of the dynamics we expect to oc-
cur in the systems simulated. In Section 3 we discuss the
setup and results of our initial simulation, and repeat that
for a range of masses and eccentricities in Section 4 where
we find that smaller and more eccentric planets are more
efficient at delivering material to the host star. Section 5 de-
tails the theoretical effects of stellar evolution, and Section
6 presents the results of our WD simulations along with a
comparison to the MS simulations, which show that stel-
lar evolution can result in a significant population of newly
unstable bodies. We finish with a discussion of results and
comparison to other work in Section 7 and a conclusion in
Section 8.
2 SYSTEM DYNAMICS
The classical orbit of a single body in the gravitational field
of a star will be a Keplerian ellipse, fixed in space. However,
the orbit of a third, small body, such as an asteroid, will be
affected by both the star and the planet and as a result be
non-integrable. The orbit of such a body can be rapidly and
dramatically changed upon close encounters with the planet,
leading to ejection or collision with the star. In the case
of bodies much less massive than the planet, the planetary
orbit will remain unchanged. Beyond scattering, the orbits
of small bodies can be perturbed by planets through both
global secular effects and localized resonant effects. Through
c© 2013 RAS, MNRAS 000, 1–18
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secular effects, orbits near an eccentric planet will slowly
increase in eccentricity. This contribution is called ‘forced
eccentricity’: it is greatest for orbits near the planet and
drops off with distance. As eccentricity increases so does the
likelihood of scatterings, which further alters the orbit.
Resonant effects occur at MMRs, and result from re-
peated encounters between bodies near the same location or
locations over each orbit. These encounters can produce a
rapid evolution of orbital elements such as eccentricity, or
can act as a protection mechanism by preventing closer en-
counters between two bodies for long periods of time. MMRs
are highly-localized and as such relatively small shifts in
semi-major axis (SMA) can dramatically alter the stability
of orbiting bodies, as will be shown in Section 4. MMRs ex-
ist where the mean motions of two bodies form an integer
ratio:
n2
n1
=
p
p+ q
(1)
Here n1 and n2 are the mean motions of the inner and outer
bodies, respectively, while p and q are integers. For orbits
interior to the planet, the resonance is given by p+ q : p (so
that n1 is the mean motion of the planet), while for exterior
orbits the resonance is p : p + q, with n2 being the mean
motion of the planet. The strength of the resonance is de-
termined in part by the order of the resonance, q: smaller
q values generally correspond to stronger resonances. How-
ever, at larger planetary eccentricities higher-order MMRs
are no longer negligible, which increases the number of trap-
ping regions for small bodies. Particles located in resonances
have been shown to become unstable at late times (Wisdom
1982; Debes et al. 2012), indicating that unstable MMRs
will not be immediately cleared of bodies and can function
as a source of material for the star even at late times.
2.1 The nominal chaotic zone
MMRs have a finite width that is determined by both the
planet causing them, via its eccentricity and planet-to-star
mass ratio, as well as the location and order of the resonance
(Murray & Dermott 2000). As described in Chirikov (1979),
when resonances overlap in a system it results in stochastic
motion and orbital instability. In the context of planetary
systems, as p increases and the mean motion of the orbit
approaches that of the planet, first-order (q = 1) MMRs are
spaced more closely and eventually overlap. This region of
overlap is known as the ‘chaotic zone’ (CZ) and within it
orbits are chaotic, frequently becoming unstable. Wisdom
(1980) showed that for a planet on a circular orbit, nearby
bodies become unstable when the distance between them is
ε =
a− ap
ap
< 1.3µ2/7 (2)
where a and ap are the SMAs of the nearby body and
planet, respectively, and µ = MPl/M∗ is the mass ratio
between the planet and the central star. Numerical work
by Duncan et al. (1989) showed the same mass dependence
with a slightly different coefficient:
εcz = 1.5µ
2/7 (3)
This equation indicates that larger planets produce larger
CZs, for constant stellar mass. However, a corresponding
equation for planets with moderate eccentricity does not
exist: such a planet causes orbits of a third body to be non-
integrable. Finally, this mass-ratio dependence also has im-
portant implications for the system as the star evolves off
the MS, which will be covered in Section 5.
From the preceding paragraphs we can predict the gen-
eral behavior of small bodies in the presence of a massive
planet: Those closest to the planet will start between plane-
tary pericentre and apocentre, and will rapidly be removed
from the system by a collision or scattering in close en-
counter. Particles beyond the physical reach of the planet
will be inside the CZ, and will likely go unstable as orbits be-
come chaotic. Beyond the CZ, most particles should be sta-
ble with slight eccentricities, caused by secular effects. The
exception is particles in MMRs, which may show anomalous
behavior both in the CZ, where they may be more stable
than their neighbors, and outside of the CZ, where they
may be more unstable. Of those that are removed from the
system, particles inside the orbit of the planet should have a
higher likelihood of being accreted by the star, while those
beyond the planet, being more weakly bound, should show
a greater preference for ejection.
3 THE FIRST SIMULATION
Due to the non-integrable nature of planetary systems with
an eccentric planet and other bodies, we required numerical
simulations to determine the orbital behavior of the small
bodies. We began by simulating a MS star and a planet of
moderate eccentricity, for the purposes of comparing the re-
sults to our predictions from Section 2. While we are primar-
ily interested in the accretion rates around WDs, simulating
a planet around both a MS and WD star allowed us to com-
pare the dynamics of the system and understand the effect
of stellar evolution.
3.1 Setup
Our first simulation was composed of a solar-mass star, a
single 0.3 MJup planet orbiting with ap = 4 au and e = 0.2,
and 500 massless TPs distributed throughout the system.
The stellar mass was selected due to the high frequency of
solar-mass stars relative to more-massive stars, as well as
for consistency with prior papers on the subject, specifically
Bonsor et al. (2011) and Debes et al. (2012). The planetary
parameters were chosen to match theoretical predictions: ex-
oplanets near to their host star will not survive post-MS evo-
lution (Rasio et al. 1996), but distant planets are unlikely to
direct as much material to the star. To balance each factor
the SMA was chosen to be 4 au, while the mass was selected
to be in the middle of the observed eccentric exoplanet popu-
lation, similar to 0.27 MJup eccentric Saturn-analog OGLE-
2006-BLG-109L c (Gaudi et al. 2008; Bennett et al. 2010).
The TPs were spaced 0.02 au apart from 0.06 au to 10
au, allowing us to determine stability at a range of locations.
While the planet was placed on an eccentric orbit, the TPs
were placed on circular orbits at random mean longitudes.
This decision was made for simplicity, and represents the
c© 2013 RAS, MNRAS 000, 1–18
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case where secular effects have not had time pump the ec-
centricities of small bodies. Such a situation could occur in
a young disc recently void of gas, or if the planet gained
eccentricity impulsively (as would be the case in the model
of Debes & Sigurdsson (2002)). Non-zero initial eccentrici-
ties are discussed later in Section 4.5. In addition, each TP
was assigned a random inclination within 0.5◦ of the planet
to avoid the artificial constraint of perfect coplanarity. The
particles were assumed to be massless because of the minute
mass estimated to be accreted by polluted WDs (∼ 5×10−7
MJup) compared to our planet size, indicating a negligible
effect by polluting material on the planet.
We also ran separate simulations of the strongest MMRs
in greater detail: three interior to the planet at 3:1, 2:1, and
3:2; three exterior at 2:3, 1:2, and 1:3; and one co-orbital.
We populated these resonances over a width of 0.2 au with
a higher density of TPs, spacing them 0.004 au apart, and
assigned them the same orbital properties as above. Addi-
tionally, we simulated a second set in the same locations
with the same spacing but with an initial eccentricity of
0.2 to match the planet. The initial longitude of pericentre
of these remained random for consistency between all sim-
ulations. These non-circular TPs allowed us to determine
the sensitivity of processes and results on initial eccentric-
ity, particularly if it could lead to increased stability over
the duration of the simulation. Additionally, by comparing
these two very closely spaced populations we were able to
test the dependence of the loss mechanism on the initial
mean longitude, which was random for all particles.
During the simulations TPs were removed via one of
three mechanisms: ejection from the system, occurring at
100 au; collision with the planet, which had a radius of 0.65
RJup given the assumed planetary density of 1.33 g cm
−3;
or accretion by the central body, occurring when particles
approached within 0.005 au. TPs that survived the ∼100
million year duration of the simulation were considered sta-
ble. The ejection radius was chosen to limit computation
time, and it was found that increasing it to 1000 au had
a negligible effect on the simulation results: the stability of
particles was identical and the average lifetime in log space
increased by less than five per cent. It should be noted that
the majority of polluted WDs show cooling ages greater than
the duration of our simulations, ranging from 107.5 to 1010
years (Debes et al. 2012). Such time-spans were computa-
tionally too expensive to run for this work, so behavior late
in the simulations (106–108 years) was used as a proxy.
3.2 Computation
We ran the simulation, as well as those in Sections 4 and
6, on the UCLA Institute for Digital Research and Edu-
cation (IDRE) Hoffman2 cluster using the Mercury inte-
grator package (Chambers 1999). The package contains five
N-body algorithms; we initially chose the hybrid symplec-
tic integrator, which primarily uses a second-order mixed-
variable symplectic algorithm and switches to a Bulirsch-
Stoer (BS) algorithm upon close encounters, in our case 3
Hill radii. This combination has the advantage of shorter
integration times than non-symplectic algorithms (e.g. BS)
while still allowing close encounters, which are crucial for
the scattering and accretion of TPs.
To test the accuracy of the hybrid integrator we re-
peated the simulation using the non-symplectic BS integra-
tor. We found that, while the former was faster and accurate
in determining the stability of TPs in our simulations, the
loss mechanism for a given particle was frequently incon-
sistent with the latter. The difference originates from the
known issue that the hybrid integrator has difficulty with
very large eccentricities (Chambers 1999), as in the case of
accreted particles. As a result, particles are ejected when
they should be accreted, as shown in Figure 1. Given the
importance of the accretion fraction on the stellar accretion
rate, it was necessary for us to use the most accurate method
available within the constraints of computation time. There-
fore we used the hybrid simulation to determine the size of
the unstable zone around the planet, which defined our ec-
centric chaotic zone (ECZ), and followed with a simulation
of the ECZ using the BS integrator. We defined the edges of
the ECZ as the region nearest to the planet having 19 out
of 20 adjacent TPs stable (corresponding to a 0.4 au wide
region with at least 95 per cent of small bodies stable), to
ideally include all major instabilities near the planet. We
integrated the MMRs using only the BS integrator, as they
were narrow and unique in stability relative to the surround-
ing region.
3.3 Results
Upon completion, the simulation returned the orbital ele-
ments as a function of time, the loss mechanisms, and the
lifetimes of each individual TP. As shown in Figure 1, TPs
that started near the planet rapidly went unstable, forming
the ECZ between the range of ∼ 2.4 and ∼ 6.3 au. Inside of
this region some islands of stability existed, corresponding
to low-order MMRs such as 2:1 and 3:4 at 3.05 and 4.85
au, respectively. The size of this ECZ was much larger than
the predicted CZ for a planet on a circular orbit, which ac-
cording to Equation 3 should have extended from 3.4 to 4.6
au.
Individual particle motion depended on interactions
with the planet and varied not only between TPs, but over
the course of the simulation as well. One particle, represen-
tative of many others, started at 5.3 au and remained in the
2:3 MMR for nearly 400,000 years before scattering and un-
dergoing chaotic motion (Figure 2). This particle appeared
to be trapped in other MMRs during the remainder of the
simulation, including the 1:2 resonance at 425,000 years and
the 2:1 resonance at 725,000 years, shortly before accretion.
Many unstable particles showed similar orbital motion that
varied dramatically over the course of the simulation, spend-
ing some time apparently trapped in MMRs between peri-
ods of more chaotic motion, eventually being ejected or ac-
creted as the eccentricity approached unity. Particles that
collided with the planet also showed such motion, but failed
to reach highly-eccentric orbits before being removed early
in the simulation.
The final fates of particles were influenced by their
starting locations: Particles that were accreted generally re-
tained an apocentre near the planet, increasing in eccentric-
ity through scattering until pericentre reached the surface
of the star. Particles that were ejected often did so with a
pericentre near the planet, as both the SMA and eccentricity
increased. Because of this behavior, a larger fraction of un-
stable particles starting interior to the planet were accreted
c© 2013 RAS, MNRAS 000, 1–18
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Figure 1. Comparison of hybrid integrator (top) and BS inte-
grator (bottom) results, showing particle lifetime as a function of
initial SMA. Note the similarity in stability of TPs (black lines)
around the planet (red point, error bars for pericentre and apoc-
entre), but the difference in number of accreted particles (cyan
points): 21 particles in the hybrid case and 31 in the BS case.
Simulations using the BS integrator were limited to regions with
unstable particles to reduce computation time, as described in
Section 3.2.
(24 per cent) than exterior (14 per cent). However, particles
were lost via all three mechanisms in both starting regions
due to chaotic motion.
The higher-density MMR simulations were analysed
separately and showed consistency with the above results,
including behaving as islands: particles starting very near to
some low-order MMRs, such as the 2:3 and 3:2 resonances,
were much more stable than the surrounding particles (Fig-
ure 3, top). Additionally, the 2:1 resonance was found to be
a major source of accreted particles at late times. Within
0.1 au of the resonance, 15 out of 16 unstable particles were
accreted and 11 of those survived more than 1 million years.
The e = 0.2 populations in each MMR were also stable in
some of the same locations, but in general had shorter life-
times. This result was evidence that such particles would
be more rapidly removed from a planetary system, and TPs
that were started on circular orbits more accurately repre-
sented the material around a star that would exist at later
times. Since our primary interest was the behavior of TPs
at late times, this result reinforced our decision to use the
particles on circular orbits for the large scale simulations.
4 RESULTS FOR RANGE OF
ECCENTRICITIES AND MASSES
To investigate the effect of planetary properties on the sta-
bility of surrounding bodies, we repeated the previous sim-
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Figure 2. Individual particle motion for an accreted TP start-
ing at 5.3 au with e = 0, showing periods of chaotic motion and
apparent entrapment in MMRs. Also note the large increase in
inclination before accretion occurred, which was common for ac-
creted particles in the presence of the e = 0.2 planet.
ulation for each combination of four planetary masses and
five orbital eccentricities. We chose the mass values 0.03, 0.3,
1.0, and 4.0 MJup and the eccentricities 0.02, 0.2, 0.4, 0.6,
0.8 to probe the wide range in orbits of known exoplanets.
Aside from eccentricity and mass, all planets started with
the same initial conditions in all simulations, such as mean
anomaly and argument of pericentre. The SMA remained 4
au for all simulations as well, as probing a third dimension
of parameter space would have been too computationally
expensive.
4.1 Mass Effects
Our simulations showed that the total number of parti-
cles accreted by the star decreased with increasing plane-
tary mass for all but the most eccentric planets (Figure 4,
bottom, blue lines). Two factors contributed to this weak
dependence: the size of the unstable region and the frac-
tion of unstable particles accreted by the star. We found
that while a larger planetary mass corresponded to a larger
ECZ and a higher total number of unstable particles (black
lines), it dramatically reduced the fraction accreted (Figure
4, top, blue lines). This reduced fraction more than offset
the increased ECZ size, reducing the total number of parti-
c© 2013 RAS, MNRAS 000, 1–18
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Figure 4. (top) Fraction of unstable TPs lost by each mechanism as a function of planetary mass, Nmechanism/NLost, for each planetary
eccentricity over 108 years. In all cases with e > 0.2 the accretion fraction is a monotonically decreasing function of the mass. (bottom)
Total number of particles lost by each mechanism. Despite increasing the amounts of unstable particles, increasing planetary mass
resulted in fewer accreted particles.
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Figure 5. (top) Fraction of unstable TPs lost by each mechanism as a function of planetary eccentricity, for each planetary mass over
108 years. The dramatic and monotonic increase in accretion fraction with eccentricity is clear over all masses. (bottom) Total number
of particles lost by each mechanism. Due to the growth of the ECZ, the increase with eccentricity is even greater.
cles accreted. The physical cause of this relationship is the
strength of gravitational interactions: while the > 1 MJup
planets rapidly ejected most particles, smaller planets re-
peatedly interacted more weakly with the TPs and allowed
them to slowly diffuse inward and be accreted by the star.
In addition to changing the fraction of TPs accreted
and ejected, planetary mass also affected the time-scale for
instability to set in. Physically, more-massive planets are
more capable of removing small bodies after a single scat-
tering event, while smaller planets depend on the cumulative
effect of multiple scatterings. As a result, the TPs in simula-
tions with massive planets had shorter lifetimes than those
in simulations with small planets. Figure 6 illustrates this ef-
fect with the lifetimes of TPs perturbed by the most massive
planet (4 MJup) and a lower mass planet (0.3 MJup); Sec-
tion 6.2.2 examines the characteristic lifetimes of particles
in greater detail.
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Figure 3. Lifetimes of the particles around the 2:3 MMR (dashed
line), initially circular orbits on top and initially eccentric orbits
(e = 0.2) on bottom. The circular particles are consistent with the
results from the global simulations, while the eccentric particles
were on average shorter-lived; this result supported our use of the
initially-circular TPs in the other simulations.
4.2 Eccentricity Effects
The planetary eccentricity had an equally powerful effect on
the TPs. As it increased the pericentre and apocentre of the
planet shrank and grew, respectively, which widened the re-
gion around the star that the planet probed and expanded
the ECZ. As a result, the planet caused a larger number
of TPs to be destabilized and accreted (Figure 5, bottom,
black lines). We also found that the eccentricity affected the
fraction of TPs accreted, in fact more strongly than the plan-
etary mass (Figure 5, top, blue lines). Physically, eccentric
planets drive the forced eccentricity of particles up to higher
values, while simultaneously having more and wider MMRs
that can increase the eccentricity of the particles in them.
Higher eccentricity causes a higher accretion probability. Fi-
nally, increasing planetary eccentricity resulted in the stellar
accretion rate peaking earlier, as characterized by the mean
accretion time in log space. We discuss this effect in greater
detail and with respect to WD accretion in Section 6.
In the nearly-circular (e = 0.02) runs, planet-TP col-
lisions dominated the loss mechanism, particularly at low
mass. We were not hugely surprised by this behavior, as few
TPs had eccentricities pumped to values large enough to
eject or accrete. In these simulations most particles main-
tained a nearly constant Tisserand parameter, defined as
T =
1
a/ap
+ 2
√
a
ap
(1− e2) cos I (4)
Here a and ap are the SMAs of the particle and planet, re-
spectively, while e and I are the particle eccentricity and in-
clination relative to the planetary orbit (Murray & Dermott
2000). For small inclinations, an increase in eccentricity re-
quires the SMA to increase as well. The Tisserand parame-
ter determines the region of parameter space a particle can
explore in the presence of a planet with zero eccentricity,
including a minimum pericentre.
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Figure 6. A comparison of the lifetimes for TPs lost in a system
with a lower mass planet (0.3 MJup, top) and a massive planet
(4 MJup, bottom), both with planetary eccentricity e = 0.2. The
smaller planet resulted in longer lifetimes for unstable TPs as well
as a larger fraction lost via accretion (blue bars).
As described in Bonsor & Wyatt (2012), for an accre-
tion distance of 0.005 au and an ejection distance of 100 au
only particles with T < 2.1 or T < 2.85 can be accreted
or ejected, respectively. With the initial conditions e = 0
and cos I ≈ 1, all TPs started out with T > 3 and were
incapable of close approach with the central star. The small
eccentricity of 0.02 was enough, however, for particles to de-
viate slightly from a constant Tisserand parameter and be
ejected. Ejections were most common in simulations with the
more-massive planets, which were capable of ejecting parti-
cles even when on circular orbits (Bonsor & Wyatt 2012).
For planetary eccentricities larger than 0.02, the Tisserand
parameter was not a constant of motion (due to being de-
rived from the restricted 3-body problem, where the planet
is on a circular orbit). As a result, particle eccentricity was
frequently increased with no corresponding growth in SMA.
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4.3 ECZ width
In the case of a planet on a circular orbit, the interior and ex-
terior edges of the CZ should be equal and scale simply with
µ2/7 as described in Section 2.1. In our simulations we found
that both mass and eccentricity served to increase the size
of the ECZ, as shown by the points in Figure 7. Addition-
ally, we found that the influence of planetary eccentricity
served to produce interior and exterior edges at markedly
different distances from the planet. To fit the eccentricity-
ECZ effect we needed a model with three properties: showed
edge asymmetry; increased with planetary eccentricity; and
reduced to εchaos = 1.5µ
2/7 for ep = 0.
From a physical standpoint, a particle can be removed
from the system when it crosses the path of the planet. Par-
ticles within the CZ in the zero-eccentricity case are simply
those that undergo chaotic motion, and can therefore enter
the path of the planet. For a given planet eccentricity and
particle eccentricity, orbital crossing occurs at
ain = ap(1− ep)/(1 + e
′
in) (5)
aout = ap(1 + ep)/(1 + e
′
out) (6)
where ain (aout) is the inner (outer) edge of the ECZ, and e
′
in
(e′out) is the characteristic eccentricity leading to instability
for the inner (outer) region. In this case,
εin =
ep + e
′
in
1 + e′in
, εout =
ep + e
′
out
1− e′out
(7)
To determine e′out and e
′
in, both edges were assumed to
obey the condition ε(ep = 0) = εcz = 1.5µ
2/7, the size of the
CZ as determined by Duncan et al. (1989) for a planet on a
circular orbit. Substituting for e′out and e
′
in, the edges of the
ECZ are defined by
εin = ep(1− εcz) + εcz, εout = ep(1 + εcz) + εcz (8)
as shown by the lines in Figure 7. While this function does
not match our results perfectly, it does exhibit the asymme-
try and expansion with eccentricity found in our simulation
results, and does so with physical motivation. Finally, this
model does not explicitly include the increase in resonance
width with eccentricity and resulting change in resonance
overlap, so it is unsurprising to see deviations from the fit.
4.4 Mean motion resonances
As described in Section 3.3, though many TPs that started
in the vicinity of an MMR behaved similarly to the adjacent
regions, some were stable inside of the ECZ (islands) and
others were unstable outside of the ECZ (holes). Many of
these holes became islands as the eccentricity of the planet
increased and the MMR went from outside the ECZ to inside
of it. In the case of 1 MJup, the 1:2 resonance at 6.4 au
changed from nearly the only unstable location outside of
the ECZ at e = 0.02 to the only region of instability inside
the ECZ at e = 0.4 (Figure 8). As a result, these holes were
more rare in the higher-eccentricity simulations, due to the
fact that the nearly all first-order MMRs were contained
within the ECZ. Even so, they played an important role in
delivering material to the star for some planets. In the case
of e = 0.2 and the largest masses, 4 MJup and 1 MJup, the
3:1 resonance had a much higher fraction of TPs accreted
by the star. In the 4 MJup case, 56 per cent of unstable
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Figure 7. Scaled distance to the interior (squares) and exterior
(circles) edges of the ECZ, as a function of eccentricity and plan-
etary mass. The lines represent our interior and exterior model
fits: εin = ep(1− εcz) + εcz and εout = ep(1 + εcz) + εcz.
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Figure 8. Lifetimes of TPs for a 1 MJup planet for planetary
eccentricity e = 0.02 (top) and e = 0.4 (bottom). Note the change
in the stability of the 1:2 MMR at 6.35 au: in the low eccentricity
case particles in the MMR are short-lived and unstable, while in
the case of high eccentricity planet the MMR acts as a safe haven
in a region of instability.
TPs near the MMR were accreted, significantly larger than
the accreted fraction of all unstable particle interior to the
planet, 13 per cent.
We also found that the 1:1 resonance frequently retained
TPs through the end of the simulation, for planets of eccen-
tricity of 0.02 and 0.2. Most of these particles were on stable
Trojan orbits. The mass of the planet determined the limit-
ing eccentricity for Trojans. While the smallest planet (0.03
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MJup) had Trojans when the eccentricity was up to and in-
cluding 0.4, the planets with mass 0.3 MJup and 1 MJup only
saw Trojans for e = 0.2 and 0.02. The most massive planet,
4 MJup, only had Trojans at the lowest eccentricity.
Finally, we again ran simulations with TP eccentric-
ity matching planetary eccentricity. These simulations, while
generally less stable than those with circular TPs, exhibited
the same dependencies on planetary eccentricity and mass
as those with TPs on circular orbits in all cases. We there-
fore believe these relationships do not depend strongly on
particle eccentricity, though they may depend on particle
inclination or longitude of pericentre.
4.5 Comparison with previous work
Other research has also found similar trends with respect to
planetary mass, such as Bonsor et al. (2011). In both cases,
larger planets produced shorter TP lifetimes, higher ejection
fractions, and reduced fractions either in the inner system
(for Bonsor et al. (2011)) or accreted by the star (our result).
While the total belt size differed in each case, we obtained
consistent results for the total number of particles accreted
as a function of planetary mass: where Bonsor et al. (2011)
saw a weak decrease in the total mass scattered to the in-
ner system as the mass of the planet increased, we saw the
analogous result of fewer TPs accreted as the planet mass
increased (at non-zero eccentricities).
Conversely, our results deviate from those of
Quillen & Faber (2006), who found that the size of
the CZ is independent of planetary eccentricity up to
values of 0.3 regardless of planetary mass. By running our
simulations with the TP initial conditions changed to those
of the prior authors (coplanar particles given the predicted
forced eccentricity and planetary longitude of pericentre
at their initial SMA), we matched their results and thus
identified the different starting conditions as the source of
discrepancy. While our TPs began with random longitude of
pericentre, Quillen & Faber (2006) used the expected forced
eccentricity at that location along with the same longitude
of pericentre as the planet. Given that our simulations
behaved similar for TPs with both planetary eccentricity
and zero eccentricity, the difference is likely the longitude of
pericentre in conjunction with the forced eccentricity, which
can prevent close encounters. Additionally, coplanarity
prevents particles from reaching inclined orbits, which often
occurred for the unstable particles in our simulations.
We also found that even with the changed initial con-
ditions, planetary eccentricity larger than 0.2 still increased
the size of the ECZ, albeit in a manner different from Fig-
ure 7. While the external edge remained close to the value
expected from Equation 3, the internal edge changed dra-
matically, resulting in a much larger ECZ (Figure 9). This
effect was only noticeable in the larger eccentricities, which
were not investigated in Quillen & Faber (2006). Addition-
ally, the effect of eccentricity on the number and fraction of
accreted particles, as in Figure 5, remained. The effect of
planetary mass on accretion fraction remained as well, but
was markedly weaker. As a result, the number of accreted
particles was affected more strongly by the wider ECZ for
massive planets, and increased with larger planetary mass.
These simulations, along with the results described in Sec-
tion 4.3, appear to indicate that the initial conditions of the
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Figure 9. Particle lifetimes in the presence of a 0.3 MJup planet
with eccentricity e = 0.02 (top) and e = 0.6 (bottom). In these
simulations the TPs began on orbits with the forced eccentricity
at their starting location and the same argument of pericentre
as the planet. In this case, the size of the ECZ changes, but the
expansion is limited almost entirely to the region interior the
planet.
particles play an important role in the some aspects of the
system (such as size of ECZ), while other aspects are less
affected (like the eccentricity-accretion relation). Therefore
the importance of planetary eccentricity on WD accretion
cannot be ignored.
5 STELLAR EVOLUTION
Until this point we have examined the stability of TPs in
planetary systems around only an unevolved MS star. How-
ever, to estimate the WD accretion rate we also need to
account for the reaction of the planetary system to the mass
loss that occurs during post-MS evolution. Research shows
that stellar evolution can change the stability of some orbits
in the system due to the large amount of mass lost during
the asymptotic giant branch and to a lesser extent the red
giant branch (Mustill et al. 2013; Veras et al. 2013). From
a purely gravitational standpoint, the ECZ dependence on
the planet-to-star mass ratio (Equation 3) indicates that the
ECZ will widen, due to the decrease in stellar mass. Addi-
tionally, the mass dependence of the MMR widths causes
them to grow as well, as was shown in Debes et al. (2012).
The final mass of a WD can be estimated according to
the equation for the empirical initial-final mass relation from
Wood (1992):
MWD = 0.49 exp[0.095MMS ] (9)
Here MMS and MWD are the initial (MS) mass and final
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(WD) mass, respectively, of the star in solar masses. For
stars near a solar-mass star this equation gives a WD mass
of 0.539 M⊙, which is consistent with more recent work on
the relation including Weidemann (2000) and Kalirai et al.
(2008).
Given adiabatic mass loss, conservation of angular mo-
mentum dictates the SMAs of orbiting planets will increase
by an amount determined by the initial-to-final mass ratio
(Debes & Sigurdsson 2002):
af = a0
(
MMS
MWD
)
(10)
For a body around a solar-mass star the orbit will expand
by a factor of 1.86. A planet with an SMA of 4 au will
then reach a new orbit of 7.42 au. Since this orbital expan-
sion affects all bodies in the system equally (ignoring non-
gravitational effects), the period ratios between them will
remain the same and bodies already in MMR with a planet
will remain so. However, the larger planet-to-star mass ra-
tio results in larger widths for MMRs, which can result in
new objects entering resonance. The change in central mass
also affects the size of the ECZ. From Equation 3 we can
predict the magnitude of this increase in the case of zero
eccentricity:
εWD/εMS = (µWD/µMS)
2/7 = (MMS/MWD)
2/7 (11)
For our star the mass loss should produce a widening of
19 per cent. However, we saw in Section 4.3 that eccen-
tric planets do not follow this relation closely. Assuming
the edges of the ECZ are actually defined by Equation 8,
which more closely matches our MS simulations, the rela-
tive growth would drop with increasing planetary eccentric-
ity. As the eccentricity increases, the contribution from the
classic CZ (εcz) to the size of the ECZ decreases and the
orbital excursions of the planet dominate. The ratio in that
case is given by
εWD/εMS =
ep(1± 1.5µ
2/7
WD) + 1.5µ
2/7
WD
ep(1± 1.5µ
2/7
MS ) + 1.5µ
2/7
WD
(12)
As a result, more-eccentric planets with ECZs following this
relation will have a relatively smaller amount of expan-
sion. However, the physical growth of the unstable region
(εWD−εMS) will increase with planetary eccentricity for the
exterior edge, and the greater fraction of TPs accreted in
the presence of an eccentric planet still supports the latter
as a better source of pollution.
5.1 Non-gravitational forces
Post-MS evolution can have further implications for the or-
bits of small bodies due to non-gravitational effects. Wind
drag during the giant branches can hinder the ability of
small bodies to move outward, causing them to move rel-
ative to the ECZ and MMRs of a planet (Dong et al. 2010;
Jura 2008). Furthermore, the luminosity of the star increases
dramatically during the giant phases. This brightening can
produce a non-negligible Yarkovsky force on some small bod-
ies (Bottke et al. 2006), moving them inwards or outwards.
Both of these effects result in rearrangement of previously
stable particles, repopulating some unstable regions and re-
sulting in a new source of WD pollution.
The wind resulting from stellar mass loss can strongly
affect small bodies, particularly near the star. Dong et al.
(2010) examined this effect on objects orbiting more massive
stars (3–4 M⊙) at greater distances (> 10 au) than our simu-
lations, and found that wind drag can change the final orbit
of even moderately-sized bodies (1–10 km) as well as cause
resonance capture for a range of initial conditions. Using our
own parameters, we analytically estimated the effect of wind
drag on bodies located at 7 au around a 1 M⊙ star. We found
that at this distance 250-m diameter objects moved au-scale
distances, and even 10-km diameter objects showed signif-
icant changes to their final orbit: roughly 0.04 au inwards
compared to the adiabatic case. Assuming a number distri-
bution inversely proportional to size and a disc spanning 7
to 9 au, this wind drag results in approximately 1.5 per cent
of the material entering the ECZ. While it depends on the
width (due to larger objects moving less) and location of
the disc, this order-of-magnitude calculation does indicate
substantial amounts of mass can change location for large
discs.
The Yarkovsky effect depends heavily on the physical
properties of the small bodies, including size, shape, com-
position, and rotational state. However, by following prior
research into the topic we estimated the change in SMA
through this mechanism. According to Spitale & Greenberg
(2001), 100-m objects around the Sun have da/dt ∼ 0.1 km
yr−1 motion for most eccentricities. While changes to the
spin states of the object reduce the long-term importance of
the Yarkovsky effect during the MS (Farinella et al. 1998),
the brief period over which the giant branches last should
result in few (if any) reorientations for objects 1 km in di-
ameter or larger. Smaller objects will likely move rapidly,
allowing for large changes in SMA even with reorientation.
If we assume this motion scales inversely with the size
of the object, the SMA of a 10-km body will then change
by 0.0037 to 0.18 km yr−1, or 2.4× 10−11 to 1.2× 10−9 au
yr−1, around an RGB star (average luminosity L¯ ≈ 180L⊙),
depending on the luminosity dependence of this effect: an as-
teroid with poor heat conduction will see the Yarkovsky ef-
fect increase linearly with the surface flux, but efficient heat
conduction will reduce the temperature difference between
the hot and cold faces and weaken the effect. We account for
this uncertainty by considering a scaling of the strength of
the effect with stellar luminosity (L) or with stellar effective
temperature (L0.25). Over the duration of the RGB branch,
80 Myr, the body would move a distance ∆a ≈0.002–0.1 au.
While this estimate ignores the impact of mass loss (due to
the complicated dependence on SMA), it nevertheless illus-
trates the power of the Yarkovsky effect during periods of
high luminosity.
Both of these effects also impact the eccentricity of sur-
viving bodies. The Yarkovsky effect is capable of pump-
ing or damping it depending on the spin orientation of the
body (Spitale & Greenberg 2002), while wind drag exclu-
sively causes damping (Dong et al. 2010). The latter affects
eccentricity more strongly, causing the orbits of small bodies
to become more circular during stellar evolution. Meanwhile,
neither wind drag nor the Yarkovsky effect excite inclination
(the latter as a result of orbital precession caused by the
planet (Bottke et al. 2000)), leaving low-inclination bodies
particles to continue on roughly coplanar orbits.
Finally, it is important to note that the location and
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composition of the planet are crucial for its survival dur-
ing stellar evolution. Planets near the star will be engulfed,
while those just outside the envelope can still spiral in due
to tidal effects (Rasio et al. 1996). For massive planets far-
ther out, the high flux received during and after the giant
phases might result in planetary evaporation and mass loss
(Villaver & Livio 2007).
6 WHITE DWARF SIMULATIONS
To determine how stellar evolution affects the stability of or-
biting TPs, we ran two sets of simulations. The first used the
final orbital elements of the planet and surviving TPs from
the MS simulations translated outward; the second used a
new set of particles in the region around the WD.
6.1 In situ evolved simulations
For the simulations that left particles in place during evolu-
tion, we first came up with a model for the evolution itself.
We used a simple transition in which we reduced the mass
of the star linearly over 2700 years, while leaving the planet
and TPs in situ with the orbital elements they had at the
end of the MS simulations. We note that there are myriad
ways to model mass loss in post-MS stars, including vari-
ous durations and time dependencies. Additionally, a more
accurate and complicated treatment would include the non-
gravitational forces described in Section 5.1. However, this
evolution is not our focus and as such we did not consider
other, more-complicated models. Furthermore, the orbital
expansion does not depend on the time-scale for mass loss,
as long as the latter is much longer than the orbital periods
(the adiabatic approximation).
We implemented the mass loss in our code again us-
ing the BS integrator, with the stellar mass reduced by
5.61×10−6 M⊙ after each 12-day time-step. We chose the du-
ration of the mass loss to minimize computation time while
still being adiabatic, which is necessary for Equation 10 to
hold. In all the WD simulations the ejection and accretion
distances remained the same at 100 au and 0.05 au, respec-
tively. While the radius of a WD is dramatically smaller
than that of a MS star, the Roche limit is approximately
the same.
We also mention that while our MS simulations did not
reach the actual MS lifetime of a 1 M⊙ star (∼ 10
10 years),
the vast majority of unstable particles were removed by 108
years (as illustrated by the number lost at late times in
Figure 6). Using the change in loss rates over time, we es-
timate approximately 30 per cent of the unstable particles
in these evolved systems were unstable in the MS system at
times beyond 5 × 107 years. As such, we were able to ap-
proximately remove this contribution to the WD simulations
and determine the instabilities introduced by mass loss. The
0.03 MJup simulations were an exception to this rule, due to
longer particle lifetimes, and are addressed in Section 6.1.2.
6.1.1 Results
These simulations followed the same eccentricity–fraction-
accreted relationship: increasing planetary eccentricity re-
sulted in a larger percentage of unstable particles accreted
by the star in all cases (Figure 10). Unlike the MS simu-
lations, however, this relationship did not correspond to a
larger number of TPs accreted in every case. For the 1 and 4
Jup planets at eccentricities of 0.6 and 0.8, the ECZ spanned
nearly the entire 10 au disc in the MS, leading to fewer
unstable particles in these simulations (Figure 10, bottom
right panels). Had the initial disc extended beyond 10 au
initially, it is likely that the more-eccentric planets would
have resulted in more unstable particles, similarly to plan-
ets with mass 0.03 and 0.3 MJup and as they did in the MS
case.
For the simulations with ECZs that did not span the
entire disc during the MS, the total number of unstable par-
ticles varied more strongly with planetary mass than during
the MS. As described in Section 5, the ECZ and MMRs
widen as a result of mass loss, which produces newly unsta-
ble particles. Both the fractional growth in the ECZ (Equa-
tion 11) and absolute change in size depend on planetary
mass. Therefore it is not surprising to see this stronger mass
dependence on total number of unstable particles. We ob-
served the ECZ expansion in the results of some simulations,
but did not see it consistently between masses or eccentrici-
ties as a result of small number statistics, particularly in the
higher eccentricity cases where few TPs survived from the
MS.
6.1.2 Extended simulation
Due to the late onset of instability in the MS 0.03 MJup
case, we expected a significant fraction of unstable TPs to
be unstable on time-scales greater than 108 years, resulting
in contamination to the evolved simulations. To combat this
issue and the low number of TPs noted above, we repeated
the 0.03 MJup, e = 0.4 simulation with quintuple the TP
resolution (reducing the separation between TPs to 0.004
au) and for a longer duration: 2× 108 years for the MS and
1 × 109 years for the WD phase. Long computation times
prevented us from repeating this simulation for additional
planetary masses and eccentricities. Such a high density of
TPs remedied the issue of few survivors in the post-evolution
simulation, allowing us to better test the potential of a sin-
gle, ideal planet to pollute a WD without non-gravitational
forces.
The MS simulation behaved identically to the same
planet in Section 4, with the exception of better statistics
and an increased duration. The lost particles peaked near
5 × 106 years, and accretion dominated the unstable parti-
cles while collisions with the planet occurred infrequently.
The extra 100 Myr behaved similar to the prior 50 Myr,
showing both accretion events and ejections at a much re-
duced rate from the peak. Extrapolating from the accretion
rate as a function of time, we found that that only ∼ 25
particles were expected to go unstable in the subsequent 1
Gyr, which allowed us to account for contamination in our
next simulation. Finally, as the number of TPs were not a
limiting factor in the prior MS simulation, these results do
not gain us much more insight.
The evolved simulation, however, differed significantly:
the increased number of surviving particles and greater du-
ration produced an obvious expansion of the ECZ (Figure
12). The ECZ expanded by 10 per cent, less than expected in
the circular case but larger than expected from Equation 8,
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Figure 10. Same plots as Figure 5, fraction lost (top) and number lost (bottom) for each mechanism as a function of eccentricity, but for
our evolved simulations. The eccentricity dependence still remains in most cases, but disappears in the highest-mass, highest-eccentricity
cases due to the ECZ exceeding the bounds of the simulation.
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Figure 11. The lifetimes of unstable particles for the evolved
system with 0.03 MJup, e = 0.4, illustrating the late onset of
instability and the large fraction of accreted particles.
3.1 per cent. This simulation also displayed the accretion and
ejection peaking near 108 years, as shown in Figure 11, with
the 20-fold increase from MS peak due to both fewer par-
ticles unstable on short time-scales (cleared out in the MS)
and the larger planetary SMA. Using the MS-simulation ex-
trapolation, we found that that fewer than 25 per cent of lost
particles were contaminants. Significant accretion continued
to occur up to the end of the simulation, indicating that
a planetary system like this, given certain disc properties,
could account for the pollution observed in some polluted
WDs. We discuss the feasibility of this mechanism in fur-
ther detail in Section 7.1.
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Figure 12. Lifetimes of TPs for the evolved extended simulation
(0.03 MJup and e = 0.4, initial spacing of 0.004 au). The expan-
sion of the ECZ due to stellar mass loss is apparent as is the large
fraction of accreted particles.
6.2 Repopulated simulations
The second set of WD simulations represented complete
repopulation by non-gravitation forces, and we populated
these with a completely new set of TPs spaced 0.03 au apart1
between 0.06 au and 18.6 au. For consistency with the MS
simulations and the effects described in Section 5.1, all parti-
cles started at random points on circular orbits. These sim-
ulations were similar to the original MS simulations, but
with all bodies at greater distances about a reduced stellar
mass. As a result, they represented the change in stability
of locations within the system, as opposed to the change in
stability of individual particles (which showed some small
amounts of motion within stable regions during the MS).
While complete repopulation of all unstable regions in a sys-
tem is unrealistic, as much as 1.5 per cent of the mass in a
narrow annulus can be expected to move into them during
1 The spacing was increased from 0.02 au to allow us to probe
the larger spatial scales with similar computation time.
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stellar evolution via non-gravitational forces (as described in
Section 5.1). Alternatively, planetary systems that are near
instability would result in a planet ending up on a new orbit
after a scattering; the results of Veras et al. (2013) indicate
that such scatterings are possible around WDs at late times,
and can result in highly-eccentric orbits.
6.2.1 Results
As illustrated in Figure 13, these simulations behaved simi-
larly to those of Section 4, . Increased eccentricity again dra-
matically increased both the total number of TPs that went
unstable as well as the fraction that were accreted by the
star, and lower masses again showed equivalent or greater
numbers of accreted particles. We noted certain differences
between the two sets of simulations, however. Due to the in-
creased distance from the star and the reduced stellar mass,
TPs were more weakly bound and a greater fraction ejected
in the WD setup. This change can be seen in a comparison
of Figures 5 and 13, and correspondingly led to a smaller
accretion fraction.
Compared to the extended simulation, the repopulated
0.03 MJup, e = 0.4 simulation peaked earlier and had a
smaller unstable fraction at late times due to the large con-
tribution from TPs in repopulated regions, which rapidly
went unstable. Even so, both the repopulated and the ex-
tended models showed agreement in the fraction of particles
accreted and ejected, allowing us to extrapolate accretion
rates to other masses and eccentricities from our single ex-
tended simulation. Additionally, the location of the oldest
particles remained the same: the edge of the ECZ.
As a result of stellar mass loss and orbital expansion, the
width of the ECZ should increase according to Equation 8.
We observed this expansion in our repopulated simulations,
illustrated in Figure 14 for a near-circular planet. The sizes
of the ECZ were similar to that shown in Figure 7, and are
not plotted. As described in Section 5, the relative increase
in the size of the ECZ should decrease with eccentricity when
it obeys Equation 8. We found that to be generally the case
for the interior edge of the ECZ, which followed Equation 8
closely in both the MS and the WD cases. Figure 15 illus-
trates this effect, as larger eccentricities generally have ratios
closer to one. Conversely, the exterior edge deviated more so
from Equation 8 in both cases, and thus displayed greater
scatter about the expansion relation. Additionally, the full
size of the ECZ may be larger than plotted, particularly for
the low mass simulations, as our extended simulation showed
further particles becoming unstable at the ECZ edge after
108 years.
Similar to the ECZ, the widths of MMRs should grow
with mass loss and thus can be a valuable source of unstable
particles (Debes et al. 2012). Our results showed this widen-
ing of MMRs in some of our simulations, particularly in the
case of MMRs interior to massive planets. The 3:1 resonance
in our e = 0.2, 4 MJup simulation grew from 0.064 au in the
MS case to 0.141 au in the WD case. While the physical
width was expected to increase due to the larger spacing
between bodies, that effect would only result in a factor of
MMS/MWD = 1.85, not 2.2 as we saw. In both cases a large
fraction of the unstable particles were accreted (9 out of
16 for MS, 9 out of 19 for WD), despite a low fraction (13
per cent for both) of interior TPs accreted overall. Despite
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Figure 14. A comparison of the MS and WD simulations for a
planet with M = 1 MJup and e = 0.02. Note the wider instability
in the WD case, located between the 3:2 and 2:1 resonances and
between the 1:2 and 2:3 resonances (grey dashed lines).
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Figure 15.Ratio of WD ECZ size to MS ECZ size, for the interior
edge, with lines indicating no change in size (black dashed) and a
change characterized by Equation 8(coloured solid). Despite the
scatter, the trend of less expansion with greater eccentricity is
clear.
starting with fewer TPs than Debes et al. (2012), these sim-
ulations support internal MMRs as another potential source
of WD pollution. Given the results of our extended simula-
tion in Section 6.1.2, multiple mechanisms may play a role
in the pollution observed.
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Figure 13. Same plots as Figure 5, fraction lost (top) and number lost (bottom) for each mechanism as a function of eccentricity, but
for our repopulated WD simulations. The same characteristics as in the MS simulations are present (e.g. increase in accretion fraction
with planetary eccentricity) but the ejection fraction is systematically higher in all cases.
6.2.2 Accretion at late times
While the relationship between planetary properties and the
total number of particles accreted over all time is interest-
ing, it has little bearing on WD pollution unless that ac-
cretion occurs at late times. The results from our WD sim-
ulations agreed with our findings in Sections 4.1 and 4.2
regarding particle lifetime: both higher masses and higher
eccentricities lead to earlier peak times, as shown in Fig-
ure 16. Because of this shift in peak time, the maximum
amount of accreted material at late times (above 106 and
107 years) did not always occur in the simulations with the
largest eccentricity, as shown in Figure 17. Larger eccentric-
ities increased the pollution at late times only up to a point,
above which the pollution was reduced. These peak eccen-
tricities depended on planetary mass: e = 0.6 in the case
of 0.03 and 4 MJup, and e = 0.8 in the case of 0.3 and 1
MJup. Given such large peak eccentricities, we confirm our
previous results: in the vast majority of cases, larger plane-
tary eccentricities (and smaller masses) correspond to larger
amounts of polluting material.
7 DISCUSSION
These simulations clearly show that planetary mass and ec-
centricity play an important role in the ability of a planet
to pollute the central star. Given the mass dependence of
both the fraction and the total number of accreted TPs, it
appears that planets do not need to be as massive as Jupiter
to be a potential source of WD pollution, and such massive
planets may in fact not be the prime candidates. The ex-
tended simulation of Section 6.1.2 supported the result that
small planets deliver as much material or more than mas-
sive planets, and at later times, with a 0.03 MJup planet
continuing to deliver material at Gyr time-scales. It would
not be unusual for an exoplanet to have these properties:
small planets now appear to be more common than large
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Figure 16. Median lifetime of ejected and accreted unstable par-
ticles in log space for each planetary mass as a function of eccen-
tricity, for our repopulated WD simulations. Very few particles
were accreted in all the e = 0.02 simulations (including zero for
the 0.03 MJup case), which accounts for the strange behavior and
missing point at that eccentricity. All of the planets show in a
decrease in accreted-TP lifetime when the planetary eccentricity
is increased above 0.2.
planets, both near the star (Batalha et al. 2013) and further
away (Gould et al. 2006; Sumi et al. 2010). Furthermore, a
wide range of eccentricities have been detected in exoplanet
surveys (Butler et al. 2006), up to 0.4 for 0.03 MJup plan-
ets and above 0.8 for 4 MJup planets. The planetary mass
which produces maximum accretion is still uncertain— the
smallest of our planetary masses (0.03 MJup) produced the
highest number of accretion events, but it is possible that
even smaller masses would produce a higher number. How-
ever, it is not clear theoretically or observationally whether
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Figure 17. Number of particles accreted by the WD in the re-
populated simulations after 106 and 107 years, as a function of
mass and eccentricity (e = 0.02 not shown, as nearly no parti-
cles were accreted in that case). The accretion amounts clearly
increase with eccentricity for both times through e = 0.6, across
all masses, and decreases with mass across all eccentricities.
sub-Neptune-mass planets can form at several au distances.
Such simulations would also be more computationally ex-
pensive, and possibly violate the massless-TP assumption.
7.1 The WD disc mass from accretion rates
While our simulations did not reach the times correspond-
ing to the oldest cooling ages of polluted WD (> 109 years,
Farihi et al. (2010b)), our longest simulation did reach the
time-scales of average polluted WDs (108–109 years). Deter-
mining which planetary properties best cause pollution in a
star is only useful if such pollution can match observations,
which is set by the disc mass required in our simulations. To
determine that mass, we assumed a power law for the loss
rate of particles:
dNlost
dt
= −
dNrem
dt
=
Nαrem
t0
(13)
Here α and t0 are constants to be fit by our simulation re-
sults, and Nrem (Nlost) is the number of particles remaining
(lost). Solving this equation for Nrem gives
Nrem =
N0
[1 + (α− 1)Nα−10 t/t0]
1
α−1
=
N0
[1 + t/t∗]
1
α−1
(14)
where N0 is the initial number of unstable particles (Nrem =
N0 −Nlost), another constant to be fit, and
t∗ =
t0
(α− 1)Nα−10
(15)
is the characteristic time scale for losing particles. The loss
rate as a function of time is then
dNlost
dt
= −
dNrem
dt
=
N0
(α− 1)t∗
(1 + t/t∗)
−α
α−1 (16)
We determined the values of α, t∗, and N0 by perform-
ing a least-squares fit to the cumulative distribution of lost
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Figure 18. The cumulative number of particles lost through all
mechanisms, as a function of time in log10 space (top) and linear
space (bottom), with the power law fit to the log (linear) distri-
bution shown in as a dash-dotted (dashed) line. These fits allowed
us to specify the loss rate at 1 Gyr and beyond, which we com-
pared to accretion rates around WDs to produce an estimate of
the initial unstable mass.
particles. We selected the evolved extended run (M= 0.03
MJup, e = 0.4) for fitting due to the larger number of TPs
and extended duration. This simulation defined the ‘best-
case’ planet, as higher masses resulted in shorter TP life-
times and greater ejection fractions while larger eccentrici-
ties have yet to be observed above 0.4 for low-mass planets.
The best-fitting values were α = 7.4, t∗ = 5.41 × 10
6 years,
and N0 = 196 particles. We also fit the cumulative distri-
bution with bins in log10 space, which gave different values:
α = 19.6, t∗ = 2.64×10
6 years, and N0 = 405 particles. The
data and the fits are shown in Figure 18. Although the two
sets of fitted constants differed greatly, the fits themselves
produced similar fractions of material accreted, differing by
less than a factor of two at any given time, allowing either
fit to work in an estimate of the total unstable disc mass.
For the linear-fit values and a time of 109 years, Equa-
tion 16 gives 1.35×10−9 particles removed per year. Dividing
by N0 gives the fractional loss rate, 6.87 × 10
−11 per year.
We assume that the 25 per cent contamination from MS un-
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stable material (Section 6.1.2) affects both the particle loss
rate and N0 equally, so the fraction is unaffected. Examin-
ing each loss mechanism individually as a function of time
(Figure 11), we find that the accretion rate equals roughly
double the ejection rate after 107 years, and the planetary
collision rate is negligible. Therefore we assume the accretion
rate is two-thirds of the total loss rate, or ≈ 4.58 × 10−11
of the initial material per year. We can compare this to
the observed accretion rate of polluted WDs, roughly 108
g s−1 for WDs with cooling ages of 109 years (Farihi et al.
2010b), which gives an initial mass of unstable bodies in this
system equivalent to 6.9 × 1025 g. This mass is roughly 23
times that of the asteroid belt, ∼ 3× 1024 g (Pitjeva 2005),
and one per cent the mass of the Earth (0.01 M⊕). While
larger than previous estimates of the total accreted material
(Zuckerman et al. 2010), this mass is negligible compared to
our smallest planet and supports the use of massless TPs.
Using the results from Section 6.2, we repeated the cal-
culation for our repopulated simulation with the same mass
and eccentricity and found a larger required disc mass: the
material in the repopulated regions reduced the fraction ac-
creted at late times and thus the total amount was neces-
sarily larger. More-massive and lower-eccentricity planets, as
expected, required even greater initial disc masses, both due
to the shorter lifetimes of small bodies (in the case of massive
planets) and due to the reduced fraction of accreted material
relative to ejected material. Additionally, non-gravitational
forces have only a minor effect on the required mass, due to
the limited amount of motion provided to large bodies. As
such, we conclude that for a planet orbiting at 7.42 au about
a 0.539 M⊙ star with no external companions, an accompa-
nying disc must have at least 0.01 M⊕ in unstable material
in order to account for the observed levels of WD pollution
even in the best case (lowest mass and highest eccentricity)
scenario.
7.2 Observational and dynamical disc constraints
To determine whether this result is reasonable in the con-
text of observed debris-disc masses, we extrapolate the total
disc mass from the amount of unstable material. To do so,
we assume that the unstable material is localized to a region
between 11.7 and 12.7 au, beyond which the objects are sta-
ble. We make this assumption based on the results of our
extended-duration simulation (Section 6.1.2), in which the
majority of unstable particles exterior to the planet were lo-
cated in that region. We also assume the disc extends to 90
au (expanded from 50 au, in analogy with the edge of our so-
lar system (Trujillo & Brown 2001)) and has a surface den-
sity of the form Σ(r) = Σ0(r/r0)
−3/2 (Kenyon & Bromley
2004). Integrating over the unstable part of the disc and
equating that to the result of Section 7.1 allows us to deter-
mine Σ0, from which we can calculate the total disc mass.
Doing so, we find that the total mass, in both stable and un-
stable regions, is 0.5 M⊕, 50 times the unstable mass. This
value is strongly dependent on the size of the disc as well as
the presence of any other planets, which would carve out ad-
ditional ECZs and reduce the amount of material remaining
at the end of the MS.
This mass is not unreasonable, as observed debris discs
show dust masses of 10−2 − 10−1 M⊕ around stars older
than 1 Gyr (Wyatt 2008). Due to the fact that large bodies
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Figure 19. Evolution of disc mass as a function of time, for
the total mass (blue) and the unstable mass (red). While the
total mass is large enough to match the mass required by WD
accretion rates, the unstable mass is over an order-of-magnitude
smaller than our requirement (0.01 M⊕).
dominate the mass while small bodies dominate the surface
area for most planetesimal size distributions (Wyatt et al.
2007), the total mass of these observed discs can be as much
as 103−105 times larger (Lo¨hne et al. 2008), well above our
requirement. Furthermore, while this mass is much larger
than the asteroid belt, the latter may have been substan-
tially thinned out by the peculiarities of Solar System evo-
lution (e.g. Walsh et al. (2011)), making such a comparison
unnecessarily restrictive. Minimum mass solar nebula esti-
mates yield original masses ∼ 100 times larger than the
present value (Weidenschilling 1977), more than enough to
meet pollution requirements if concentrated in a narrow re-
gion similar to the current asteroid belt.
However, while massive discs are not uncommon around
MS stars, the question of whether they survive near the star
and at late times arises, due to the effect of collisional evolu-
tion and radiative forces depleting much of the material over
the stellar lifetime. Assuming an infinite collisional cascade,
Wyatt et al. (2007) show that such forces result in a maxi-
mum disc mass for a given age. This maximum depends on
the physical properties of the disc such as width, distance
from the star, and the properties of the constituent particles.
To determine if our required mass can exist in a disc
10 Gyr old, we calculated the maximum disc mass for both
the unstable region and the total disc using the Wyatt et al.
(2007) model. At the end of MS, the material will not have
moved outward due to mass loss, so the unstable region will
span 6.3 to 6.8 au with the entire disc reaching 50 au. Us-
ing these disc dimensions, a largest object size of 2000 km,
and an assumed particle eccentricity of 0.25 (the forced ec-
centricity at 6.5 au), we find that the maximum amounts
of unstable and total material are 6 × 10−5 M⊕ and 0.16
M⊕, respectively. While our parameter selections can affect
these values and increase the maximum total mass above
our 0.5 M⊕ requirement, the amount of unstable material
is dramatically smaller than what needs to exist to account
for WD pollution regardless.
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The assumption of collision equilibrium holding for all
mass sizes has been challenged by Lo¨hne et al. (2008), who
argue that it is valid only at very late ages and show that
massive discs can exist even at 10 Gyr for a range of parame-
ters. We repeated the mass-remaining calculation using their
formalism and the same disc parameters, and found that
although the total disc mass was relatively unconstrained,
the mass in the unstable region was limited to 10−3 M⊕.
These results (shown in Figure 19) indicate that, while the
disc mass can reach larger values at 10 Gyr than in the
Wyatt et al. (2007) case, the masses still fall short of what
is required to match observed pollution rates when the disc
is near the star. Therefore, we determine that collisional
evolution prevents a planet with a narrow unstable region
from being a major source of WD pollution, unless it is sig-
nificantly more distant than 4 au during the MS or the star
loses a significantly larger mass fraction. Alternatively, if col-
lisional evolution of the material progresses differently from
what current models predict, the original reservoirs could be
massive enough to supply polluting material, depending on
the planetary properties. We should mention that this col-
lisional evolution may prevent the MMR-based mechanism
discussed in Debes et al. (2012) from being a viable source
of pollution as well, due to the massive asteroid belt required
(0.35 M⊕) in their simulations.
7.3 Other system parameters
While we examined the effects of some planetary-system
properties on WD accretion rates in detail, it is useful to
consider the impact of other parameters as well. One such
parameter is the initial SMA of the planet, which remained
constant at 4 au between all our cases. We ran a single sim-
ulation to investigate this effect, using a 0.03 MJup, e = 0.4
planet with an SMA of 10 au. We found a small decrease in
the fraction of particles accreted (from 83 per cent to 78 per
cent) but a substantial increase in the fraction of TPs ac-
creted in the last 50 Myr of the simulation, resulting from the
increased orbital time-scale. That fraction increased from 3
per cent in the 4 au case to 8 per cent in the 10 au case, in-
dicating that a smaller disc mass (both total and unstable)
may be required for planets at larger distances.
Farther from the star the maximum disc mass should be
greater, potentially allowing a single planet to be a source
of WD pollution. As a test, we repeated our calculations
to determine the maximum unstable mass in a disc scaled
outward by a factor of 2.5. We found that, in a disc located
from 15.75 to 17 au with the same eccentricity and max-
imum object sizes as before, the Wyatt et al. (2007) and
Lo¨hne et al. (2008) approaches predict 10−3 M⊕ and 0.015
M⊕, respectively. Given the potentially-lower disc-mass re-
quirement due to increased late-time accretion, these results
indicate that more distant planets and discs may serve as a
more-likely source of pollution.
The initial stellar mass also plays a major role in sys-
tem dynamics, determining the orbital expansion experi-
enced by the planet and other bodies. More-massive stars
undergo greater mass loss, resulting in a larger expansion
and potentially longer lifetimes as described above. The re-
sults of Wisdom (1980) predict that this larger expansion
would have a correspondingly larger increase in the unsta-
ble region, which could result in a larger population of small
bodies accreting on to the star. Furthermore, more-massive
stars have shorter lifetimes, allowing them to retain more
planetesimals. However, the larger separation from the cen-
tral star would likely reduce the accretion fraction relative
to our results, as we saw in the lower fraction for TPs around
the WD compared to the MS star.
Doubling the stellar mass for some MS simulations, we
saw a small increase in the fraction of particles accreted
along with a decrease in ECZ size, resulting in fewer total
accreted. As a result of the shorter planetary period, the
average lifetime of TPs shrank and thus even fewer parti-
cles accreted after 107 years. While we did not simulate the
evolved case of this increased stellar mass, we can assume,
from the two prior results, that the particle lifetimes would
be longer and the accretion fraction less. The magnitude of
the accretion reduction would depend on the total mass loss
of the star, and therefore the initial stellar mass.
8 CONCLUSION
In this work we have simulated single-planet systems
through stellar evolution, allowing us to detail the effect
of planetary parameters on the WD accretion rate and de-
termine that, when started in a disc initially at zero eccen-
tricity, planets of mass 6 0.03 MJup and eccentricity e > 0.4
are the most-efficient perturbers. We find that more-massive
planets deliver less material to their host star due to eject-
ing a much larger fraction of unstable particles, while smaller
eccentricities also produce a lower accretion fraction in addi-
tion to fewer unstable particles. The mass in planetesimals,
while found to be negligible for Jupiter-mass planets, can
have dynamical consequences if the mass of the scatterer
is too small; the use of massless TPs in simulations thus
limits our results to planetary scatterers larger than several
Earth masses. Particle lifetime varies inversely with both
planetary mass and eccentricity, but the latter relationship
is weak relative to the variation in overall accretion amount.
These relationships remain for non-zero particle eccentric-
ity, but are significantly weakened when particle longitude
of pericentre matches that of the planet.
We further find that stellar evolution has an impact as
well, widening planetary and particle orbits thus causing an
increase in the fraction of particles ejected and a decrease in
the overall accretion amount. Longer orbital periods trans-
late into later peak accretion times, which partially offset
the latter effect. Additionally, while non-gravitational forces
become stronger during stellar giant phases, they play a neg-
ligible role in the amount of stellar accretion due to strong
dependence on planetesimal size.
Most importantly, we have demonstrated that single-
planet systems within 8 au of their host WD can deliver the
amount of material observed in polluted-WD atmospheres
through the scattering of small bodies from reservoirs simi-
lar in mass to that which existed early in our own planetary
system. These small bodies were assumed to be at random
points on circular orbits at the beginning of the MS. For a
low-mass, high-eccentricity planet (0.03 MJup, e = 0.4) at
an SMA of 7.42 au, 10−2 M⊕ of unstable material would be
required in a disc annulus 1 au wide, which is within observa-
tional amounts. However, current models of collisional evo-
lution predict that the accompanying disc cannot retain an
c© 2013 RAS, MNRAS 000, 1–18
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adequate reservoir of material, as much of it is ground down
to dust and lost from the system. If these collisional models
are correct, more distant planets (where disc evolution pro-
gresses more slowly) or planets that are scattered to other
portions of the disc (as described in Debes & Sigurdsson
(2002)) remain a possible source of pollution.
We finish by mentioning that, so far, no planets have
been discovered orbiting a WD, regardless of metal pollu-
tion or infrared excess (Faedi et al. 2011; Hogan et al. 2009).
This is unsurprising in the context of our results, given the
low planetary mass necessary to destabilize small bodies and
the current difficulty in detecting exoplanets around any star
at 7 au. With radial-velocity detections limited to greater
than ∼ 1 km s−1 due to pressure broadening of spectral lines
(Maxted et al. 2000), even massive planets are unlikely to be
detected in that manner. If planets such as super-Earths and
Neptunes are significantly more common than more-massive
planets as sources of pollution, then it would further reduce
the possibility of detecting them in the future through meth-
ods such as direct detection and astrometry.
ACKNOWLEDGMENTS
We thank Ian Crossfield, Julia Fang, and Siyi Xu for their
helpful comments, as well as the anonymous referee for their
comments, which greatly improved the clarity and conclu-
sions of this paper.
REFERENCES
Batalha N. M. et al., 2013, ApJS, 204, 24
Bennett D. P. et al., 2010, ApJ, 713, 837
Bonsor A., Mustill A. J., Wyatt M. C., 2011, MNRAS, 414,
930
Bonsor A., Wyatt M. C., 2012, MNRAS, 420, 2990
Bottke, Jr. W. F., Rubincam D. P., Burns J. A., 2000,
Icarus, 145, 301
Bottke, Jr. W. F., Vokrouhlicky´ D., Rubincam D. P.,
Nesvorny´ D., 2006, Annual Review of Earth and Plan-
etary Sciences, 34, 157
Butler R. P. et al., 2006, ApJ, 646, 505
Chambers J. E., 1999, MNRAS, 304, 793
Chary R., Zuckerman B., Becklin E. E., 1999, in ESA Spe-
cial Publication, Vol. 427, The Universe as Seen by ISO,
Cox P., Kessler M., eds., p. 289
Chirikov B. V., 1979, Phys. Rep., 52, 263
Debes J. H., Sigurdsson S., 2002, ApJ, 572, 556
Debes J. H., Walsh K. J., Stark C., 2012, ApJ, 747, 148
Dong R., Wang Y., Lin D. N. C., Liu X.-W., 2010, ApJ,
715, 1036
Duncan M., Quinn T., Tremaine S., 1989, Icarus, 82, 402
Faedi F., West R. G., Burleigh M. R., Goad M. R., Hebb
L., 2011, MNRAS, 410, 899
Farihi J., Barstow M. A., Redfield S., Dufour P., Hambly
N. C., 2010a, MNRAS, 404, 2123
Farihi J., Jura M., Lee J.-E., Zuckerman B., 2010b, ApJ,
714, 1386
Farihi J., Jura M., Zuckerman B., 2009, ApJ, 694, 805
Farinella P., Vokrouhlicky D., Hartmann W. K., 1998,
Icarus, 132, 378
Gaudi B. S. et al., 2008, Science, 319, 927
Gould A. et al., 2006, ApJ, 644, L37
Hogan E., Burleigh M. R., Clarke F. J., 2009, MNRAS,
396, 2074
Jura M., 2003, ApJ, 584, L91
Jura M., 2006, ApJ, 653, 613
Jura M., 2008, AJ, 135, 1785
Jura M., Farihi J., Zuckerman B., 2009, AJ, 137, 3191
Kalirai J. S., Hansen B. M. S., Kelson D. D., Reitzel D. B.,
Rich R. M., Richer H. B., 2008, ApJ, 676, 594
Kenyon S. J., Bromley B. C., 2004, AJ, 127, 513
Kilic M., von Hippel T., Leggett S. K., Winget D. E., 2006,
ApJ, 646, 474
Klein B., Jura M., Koester D., Zuckerman B., 2011, ApJ,
741, 64
Klein B., Jura M., Koester D., Zuckerman B., Melis C.,
2010, ApJ, 709, 950
Koester D., 2009, A&A, 498, 517
Koester D., Wilken D., 2006, A&A, 453, 1051
Lo¨hne T., Krivov A. V., Rodmann J., 2008, ApJ, 673, 1123
Maxted P. F. L., Marsh T. R., Moran C. K. J., 2000, MN-
RAS, 319, 305
Murray C. D., Dermott S. F., 2000, Solar System Dynam-
ics. Cambridge University Press
Mustill A., Veras D., Villaver E., 2013, ArXiv e-prints
Paquette C., Pelletier C., Fontaine G., Michaud G., 1986,
The Astrophysical Journal Supplement Series, 61, 197
Pitjeva E. V., 2005, Solar System Research, 39, 176
Quillen A. C., Faber P., 2006, MNRAS, 373, 1245
Rasio F. A., Tout C. A., Lubow S. H., Livio M., 1996, ApJ,
470, 1187
Reach W. T., Kuchner M. J., von Hippel T., Burrows A.,
Mullally F., Kilic M., Winget D. E., 2005, ApJ, 635, L161
Rieke G. H. et al., 2005, ApJ, 620, 1010
Spitale J., Greenberg R., 2001, Icarus, 149, 222
Spitale J., Greenberg R., 2002, Icarus, 156, 211
Sumi T. et al., 2010, ApJ, 710, 1641
Trujillo C. A., Brown M. E., 2001, ApJ, 554, L95
Veras D., Mustill A. J., Bonsor A., Wyatt M. C., 2013,
MNRAS, 431, 1686
Villaver E., Livio M., 2007, ApJ, 661, 1192
von Hippel T., Kuchner M. J., Kilic M., Mullally F., Reach
W. T., 2007, ApJ, 662, 544
Walsh K. J., Morbidelli A., Raymond S. N., O’Brien D. P.,
Mandell A. M., 2011, Nature, 475, 206
Weidemann V., 2000, A&A, 363, 647
Weidenschilling S. J., 1977, Ap&SS, 51, 153
Wisdom J., 1980, AJ, 85, 1122
Wisdom J., 1982, AJ, 87, 577
Wood M. A., 1992, ApJ, 386, 539
Wright J. T. et al., 2011, PASP, 123, 412
Wyatt M. C., 2008, ARA&A, 46, 339
Wyatt M. C., Smith R., Greaves J. S., Beichman C. A.,
Bryden G., Lisse C. M., 2007, ApJ, 658, 569
Xu S., Jura M., 2012, ApJ, 745, 88
Zuckerman B., Becklin E. E., 1987, Nature, 330, 138
Zuckerman B., Koester D., Melis C., Hansen B. M., Jura
M., 2007, ApJ, 671, 872
Zuckerman B., Koester D., Reid I. N., Hu¨nsch M., 2003,
ApJ, 596, 477
Zuckerman B., Melis C., Klein B., Koester D., Jura M.,
2010, ApJ, 722, 725
c© 2013 RAS, MNRAS 000, 1–18
